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Tetrahedral 4α and 12C+ α cluster structures in 16O
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Department of Physics, Kyoto University, Kyoto 606-8502, Japan
We have investigated structures of the ground and excited states of 16O with the method of
variation after spin-parity projection in the antisymmetrized molecular dynamics model combined
with the generator coordinate method of 12C+α cluster. The calculation reasonably reproduces the
experimental energy spectra, E2, E3, E4, IS1 transitions, and α-decay properties. The formation
of 4 α clusters has been confirmed from nucleon degrees of freedom in the AMD model without
assuming existence of any clusters. They form “tetrahedral” 4α- and 12C + α-cluster structures.
The 12C+α structure constructs the Kpi = 0+ band consisting of the 0+2 , 2
+
1 , and 4
+
1 states and the
K
pi = 0− band of the 1−2 , 3
−
2 , and 5
−
1 states. The 0
+
1 , 3
−
1 , and 4
+
2 states are assigned to the ground
band constructed from the tetrahedral 4α structure. The 0+1 and 3
−
1 are approximately interpreted
as Td band members with the ideal tetrahedral configuration. The ground state 4α correlation plays
an important role in enhancement of the E3 transition strength to the 3−1 . The 4
+
2 state is not the
ideal Td member but constructed from a distorted tetrahedral 4α structure. Moreover, significant
state mixing of the tetrahedral 4α and 12C+α cluster structures occurs between 4+1 and 4
+
2 states,
indicating that the Td configuration of 4α is rather fragile at J
pi = 4+.
I. INTRODUCTION
Nuclear deformation is one of typical collective motions
in nuclear systems. Not only axial symmetric quadrupole
deformations but also triaxial and octupole deformations
have been attracting interests. In light nuclear systems,
further exotic shapes have been expected because of clus-
ter structures. For instance, a triangle shape in 12C
and a tetrahedral one in 16O have been discussed by
assuming 3α- and 4α-cluster structures. In old days,
non-microscopic α-cluster models have been applied in
order to understand energy spectra of 12C and 16O [1, 2].
Wheeler has suggested a low-lying 3− state of 16O as vi-
bration of the tetrahedral configuration of 4 α particles
[1]. This state has been assigned to the lowest negative-
parity state 16O(3−1 , 6.13 MeV), which has been experi-
mentally established later. Since 1970’s, microscopic and
semi-microscopic cluster models have been applied in or-
der to investigate cluster structures of 16O [3–17].
The Td symmetry of the tetrahedral 4α-cluster struc-
ture has been discussed for a long time to understand
energy spectra of 16O [1, 3, 8, 18, 19]. The ideal tetrahe-
dral 4α configuration with the Td symmetry constructs
a rotational band of 0+, 3−, 4+, . . ., states. The ground
state and the 3−1 at 6.13 MeV have been assigned to the
Td-invariant 4α band. This assignment is supported by
the observed strong E3 transition [18, 20] and α-transfer
cross sections on 12C [19]. However, the assignment of
the 4+ state in the tetrahedral 4α band has not been
confirmed yet. Robson assigned the 4−1 at 10.36 MeV
as the Td band [18]. This assignment describes the sig-
nificantly strong E4 transition. However, it contradicts
to the large α-decay width of the 4−1 . Alternatively, the
4−1 (10.36 MeV) has been considered to belong to a
12C+α
cluster band starting from the 0+2 (6.05 MeV) [4, 5, 7, 9–
11]. The strong α-transfer and weak two-nucleon transfer
cross sections for the 4+1 (10.36 MeV) support the
12C+α
cluster structure with the predominant 4p4h component
[21–23]. Elliott has discussed α-transfer cross sections
and assigned the 0+1 , 3
−
1 (6.13 MeV), and 4
+
2 (11.10 MeV)
to the Td band constructed from a tetrahedrally deformed
intrinsic state [19]. Very recently, algebraic approaches
for the 4α system has been revived by Bijker and Iachello
[24, 25] to describe the experimental energy spectra of
16O based on the Td symmetry and its excitation modes,
which has been proposed by Wheeler. In their works,
the 4+1 (10.36 MeV) was assigned again to the Td band.
Although the 4α models in Refs. [18, 24, 25] describe the
experimental B(E4) for 0+1 → 4+1 (10.36 MeV), the cal-
culated form factors disagree to the experimental data
measured by (e, e′) scattering as already pointed out in
Ref. [20].
In addition to the tetrahedral 4α structure, 12C + α
cluster states appear in a similar energy region. The
lowest positive-parity 12C + α band is the Kpi = 0+
band and its counterpart of the parity doublet is the
Kpi = 0− band [26]. The 0+2 (6.06 MeV), 2
+
1 (6.92 MeV),
4+1 (10.36 MeV), and 6
+
2 (16.23 MeV) are assigned to the
Kpi = 0+ band, and the 1−2 (9.59 MeV), 3
−
2 (11.60 MeV),
and 5−1 (14.66 MeV) are assigned to the K
pi = 0− band
because these states have similar features of α-transfer
and α-decay properties.
In spite of rich cluster phenomena in 16O, there is no
microscopic calculation that sufficiently describes low-
energy spectra and cluster structures of 16O. Firstly,
most of microscopic cluster model calculations fail to re-
produce excitation energies of the 12C+ α cluster states
except for the case using a particularly strong exchange
nuclear interaction [8]. For instance, in 12C + α and
4α cluster model calculations, the band-head energy of
the Kpi = 0+ 12C + α band is calculated to be about
Ex(0
+
2 ) = 16 MeV, which largely overestimates the ex-
perimental value Ex(0
+
2 ) = 6.06 MeV [6, 11]. There-
fore, it was difficult to solve the problem of possible
coexistence of 12C + α and tetrahedral 4α states in a
similar energy region. Secondly, both non-microscopic
and microscopic cluster models a priori assume exis-
tence of α clusters and/or a 12C cluster, and are not
2able to check whether clusters are actually formed from
nucleon degrees of freedom. In mean-field calculations,
the spherical p-shell closed state is usually obtained for
the ground state solution except for the cases using par-
ticularly strong exchange nuclear interactions [27–29].
Even though significant mixing of higher-shell compo-
nents in the ground state of 16O has been suggested in
recent works with extended mean-field and shell-model
approaches [30–32], neither intrinsic shape nor cluster
structure has been discussed explicitly. Moreover, it is
generally difficult for mean-field approaches to describe
well developed cluster structures in excited states.
Recently, we applied the antisymmetrized molecular
dynamics (AMD) method [33–36] to 16O and found a
tetrahedral shape with the 4α-cluster structure in a fully
microscopic calculation based on nucleon degrees of free-
dom without assuming existence of clusters [37]. More
recently, in a first principle calculation using the chiral
nuclear effective field theory, the tetrahedral 4α structure
has been found in the ground state of 16O[38].
Our aim is to investigate cluster structures of low-lying
states of 16O. We focus on the possible coexistence of the
tetrahedral 4α and 12C+α states and discuss, in partic-
ular, 4+ states in the tetrahedral 4α and 12C+ α bands.
To answer to the questions whether 16 nucleons form 4
α clusters and whether they are arranged in a tetrahe-
dral configuration, we first apply the method of varia-
tion after spin-parity projection (VAP) in the framework
of AMD, which we call the AMD+VAP [39]. Then we
combine the AMD+VAP with the generator coordinate
method (GCM) [40] of 12C(AMD) + α, in which we use
the 12C(AMD) cluster wave functions obtained by the
AMD+VAP for 12C. The AMD+VAP method has been
proved to be useful to describe structures of light nu-
clei and succeeded to reproduce properties of the ground
and excited states of 12C [39, 41]. The 12C(AMD) + α
GCM has been applied in our previous work to investi-
gate positive-parity states of 16O [16]. By combining the
AMD+VAP with the 12C(AMD) + α GCM, we obtain
better description of asymptotic behavior and excitation
energies of 12C+α states. We calculate the positive- and
negative-parity levels, transition strengths, and α-decay
widths, and discuss cluster structures of 16O.
The paper is organized as follows. In the next section,
the framework of the present calculation is explained.
Section III describes the adopted effective interactions.
The results of 16O are shown in Sec. IV. Finally, we give
a summary and outlooks in Sec. V.
II. FORMULATION
The present method is the AMD+VAP combined with
the 12C(AMD)+α GCM. The details of the AMD+VAP
are described in Refs. [39, 41]. For the formulation of the
12C(AMD) + α GCM, the reader is referred to Ref. [16].
A. AMD wave function and VAP
We define the AMD model wave function and perform
energy variation to obtain the energy-minimum solution
in the AMD model space. An AMD wave function for
an A-nucleon system is given by a Slater determinant of
Gaussian wave packets,
ΦAMD(Z) =
1√
A!
A{ϕ1, ϕ2, ..., ϕA}, (1)
where the ith single-particle wave function is written by
a product of the spatial, intrinsic spin, and isospin wave
functions as
ϕi = φXiχ
σ
i χ
τ
i , (2)
φXi(rj) =
(
2ν
π
)4/3
exp
{−ν(rj − Xi√
ν
)2
}
, (3)
χσi = (
1
2
+ ξi)χ↑ + (
1
2
− ξi)χ↓. (4)
Here, φXi and χ
σ
i are the spatial and intrinsic spin func-
tions, and χτi is the isospin function fixed to be proton
or neutron. The width parameter ν is chosen to be a
common value.
Thus, the AMD wave function is speci-
fied by a set of variational parameters, Z ≡
{X1,X2, . . . ,XA, ξ1, ξ2, . . . , ξA} for Gaussian center
positions (X1, . . . ,XA) and intrinsic spin orientations
(ξ1, . . . , ξA) of all single-nucleon wave functions, which
are independently treated as variational parameters.
In the AMD framework, existence of neither clusters
nor a core nucleus is assumed, but nuclear structures
are described based on nucleon degrees of freedom.
Nevertheless, the AMD model space covers various
cluster structures as well as shell-model structures owing
to flexibility of spatial configurations of single-nucleon
Gaussian wave functions, which are fully antisym-
metrized. Therefore, if a cluster structure is favored in a
system, the cluster structure is automatically obtained
in the energy variation.
To express a Jpi state, an AMD wave function is pro-
jected onto the spin-parity eigenstate,
ΦJpi(Z) = P JpiMKΦAMD(Z), (5)
where P JpiMK is the spin-parity projection operator. To
obtain the wave function for the Jpi state, the VAP is
performed for the Jpi-projected AMD wave function,
δ
〈ΦJpi(Z)|H |ΦJpi(Z)〉
〈ΦJpi(Z)|ΦJpi(Z)〉 = 0, (6)
with respect to variation δZ. After the VAP, we obtain
the optimum parameter set ZoptJpi for the J
pi state. This
method is called the AMD+VAP. The obtained AMD
wave function ΦAMD(Z
opt
Jpi ) expressed by a single Slater
determinant is regarded as the intrinsic state of the Jpi
state. Note that the Jpi-projected AMD wave function is
3no longer a Slater determinant and, in principle, contains
higher correlations beyond the Hartree-Fock approach.
When a local minimum solution is obtained by the
VAP for Jpi, it is regarded as the second (or higher) Jpi
state. Another way to obtain the AMD configuration
Z
opt
Jpi2
optimized for the Jpi2 state is VAP for the compo-
nent orthogonal to the obtained Jpi1 state,
ΦJpiexc(Z) =
(
1−
|ΦJpi(ZoptJpi1 )〉〈Φ
Jpi(ZoptJpi1
)|
〈ΦJpi(ZoptJpi
1
)|ΦJpi(ZoptJpi
1
)〉
)
ΦJpi(Z).
(7)
In the AMD+VAP method, all the AMD wave func-
tions obtained by VAP for various J ′pi
′
n′ are superposed to
obtain the final wave function for the Jpin state,
Ψ
16O(Jpi
n
)
VAP =
∑
K
∑
β=J′pi
′
n′
cvap(J
pi
n ;K,β)P
Jpi
MKΦAMD(Z
opt
β ),
(8)
where coefficients cvap(J
pi
n ;K,β) for the J
pi
n state are de-
termined by diagonalization of the norm and Hamilto-
nian matrices.
B. 12C(AMD) + α GCM
In the 12C(AMD) + α GCM, the 12C-α distance is
treated as a generator coordinate. For the description of
the 12C cluster, we use 12C wave functions Φ
12C
AMD(Z
opt
βC
)
obtained by the AMD+VAP for 12C. Here the label
βC = J
pi
n is used for the
12C(Jpin ) state. In the present cal-
culation we use three configurations, βC = 0
+
1 , 0
+
2 , and
1−1 , corresponding to
12C(0+1 ),
12C(0+2 ), and
12C(1−1 ), re-
spectively. These three configurations describe well en-
ergy spectra of 12C as shown in Ref. [16].
To describe inter-cluster motion between 12C and α
clusters, we superpose the 12C + α wave functions with
various distance d using the 12C-cluster wave function
Φ
12C
AMD(−d/4;ZoptβC ) localized at a mean center-of-mass
position−d/4 (d = (0, 0, d)) and the (0s)4 α-cluster wave
function Φα(3d/4) at 3d/4. A
12C-cluster configuration,
Φ
12C
AMD(Z
opt
βC
), has a cluster structure with an intrinsic de-
formation oriented in a specific direction. To take into
account angular momentum projection of the subsystem
12C, we consider rotation R˜(Ω) of the Φ
12C
AMD(−d/4;ZoptβC )
around −d/4.
The total wave function for 16O(Jpin ) of the
12C(AMD)+α GCM model is written as
Ψ
Jpi
n
αGCM
=
∑
K,i,j,βC
cgcm(J
pi
n ;K, i, j, βC)Φ
JpiK
12C+α(di,Ωj ,Z
opt
βC
),
(9)
ΦJpiK12C+α(d,Ωj ,Z
opt
βC
)
≡ P JpiMKA
{
R˜(Ω)ΦAMD12C (−S/4;ZoptβC ) · Φα(3d/4)
}
,
(10)
where coefficients cgcm(J
pi
n ;K, i, j, βC) are determined by
solving the Hill-Wheeler equation [40], i.e. diagonalizing
the norm and Hamiltonian matrices. The superposition
of rotated 12C-cluster wave functions is equivalent to lin-
ear combination of various spin states of the 12C cluster
projected from the intrinsic state. In addition to 12C-
cluster rotation, excitation of the 12C cluster is taken into
account by superposing configurations, βC = 0
+
1 , 0
+
2 , 1
−
1 .
Moreover, 3α breaking is already taken into account in
Φ
12C
AMD(Z
opt
βC
).
C. AMD+VAP combined with 12C(AMD)+ α
GCM
We combine the AMD+VAP method with the
12C(AMD)+α GCM by superposing all basis wave func-
tions,
Ψ
16O(Jpi
n
)
VAP+αGCM
=
∑
K,β
cvap(J
pi
n ;K,β)P
Jpi
MKΦAMD(Z
opt
β ) (11)
+
∑
K,i,j,βC
cgcm(J
pi
n ;K, i, j, βC)Φ
JpiK
12C+α(di,Ωj ,Z
opt
βC
),
(12)
where coefficients, cvap and cgcm, are determined by the
diagonalization of the norm and Hamiltonian matrices.
We call this method “VAP+αGCM,”.
III. EFFECTIVE NUCLEAR INTERACTIONS
In the present calculation, we use the effective nuclear
interactions with the parametrization same as that used
for 12C in the AMD+VAP calculation [39, 41]. They
are the MV1 central force [42] and the G3RS spin-orbit
force [43, 44]. The MV1 force contains finite-range two-
body and zero-range three-body terms. We use the case-
1 parametrization of the MV1 force and set the Bartlett
(b), Heisenberg (h), and Majorana (m) parameters as
b = h = 0 and m = 0.62. As for strengths of the two-
range Gaussian of the G3RS spin-orbit force, we use uI =
−uII ≡ uls = 3000 MeV to reproduce the 2+1 excitation
energy of 12C with the MV1 force. The Coulomb force is
approximated using a seven-range Gaussian form.
With these interactions, properties of the ground
and excited states of 12C are described well by the
AMD+VAP calculation [39, 41]. As for a symmet-
ric nuclear matter, the MV1 force with the present
parametrization gives the saturation density ρs = 0.192
fm−3, the saturation energy Es = −17.9 MeV, the effec-
tive nucleon mass m∗SNM = 0.59m, and the incompress-
ibility K = 245 MeV.
It is known that usual two-body effective nuclear inter-
actions with mass-independent parameters have an over-
shooting problem of nuclear binding and density with
4increase of the mass number and are not able to describe
the saturation property. The overshooting problem is
improved with the use of the MV1 force, because it con-
tains a zero-range three-body force, which is equivalent
to a density-dependent force for spin and isospin satu-
rated systems. In the sense that the MV1 force consists
of finite-range two-body and “density-dependent” zero-
range forces, it can be categorized to a similar type in-
teraction to Gogny forces.
The present interaction parameters gives reasonable re-
sult for the α, 12C, and 16O bindings compared with
the experimental binding energies (B.E.) of α (28.30
MeV), 12C (92.16 MeV), and 16O (127.62 MeV): the cal-
culated B.E. of the (0s)4 α particle is 27.8 MeV, that
of 12C obtained by the AMD+VAP with 3 configura-
tions (12C(0+1 ),
12C(0+2 ), and
12C(1−1 )) is 87.6 MeV, and
that of 16O with the AMD+VAP (VAP+αGCM) is 123.0
(123.5) MeV. The calculated α-decay threshold of 16O is
about 8 MeV, which is in reasonable agreement with the
experimental value 7.16 MeV.
IV. RESULTS
A. Procedure and parameter setting
The width parameter ν for all wave functions of α,
12C, and 16O is chosen to be a common value so that
the center of mass motion can be exactly removed. In
the present calculation, we use ν = 0.19 fm−2, which
minimizes the energies of 12C and 16O.
In the AMD+VAP calculation of 16O, we obtain 9 con-
figurations (β) for Jpin = 0
+
1,2, 2
+
1 , 4
+
1,2, 1
−
1 , 2
−
1 , 3
−
1 , and
5−1 . First we obtain the 0
+
1 configuration Z
opt
0+1
with the
VAP without the orthogonal condition, and next obtain
the 0+2 configuration Z
opt
0+2
with the VAP with the condi-
tion orthogonal to the 0+1 . For other J
pi, we iteratively
achieve the VAP without the orthogonal condition by
starting from Zopt
0+1
and Zopt
0+2
as initial configurations. In
the VAP for Jpi = 4+, we found minimum and local min-
imum solutions for the 4+1 and 4
+
2 configurations. For J
pi
other than 4+, we did not obtain local minimum solu-
tions but obtained only a minimum solution in two cases
of initial configurations.
In the 12C(AMD) + α GCM, we use inter-cluster dis-
tances di = 1.2, 2.4, 3.6, . . . , 8.4 fm (7 points with 1.2 fm
interval) for βC = 0
+
1 and 0
+
2 of the
12C configurations.
For βC = 1
−
1 , we adopt di = 1.2, 2.4, 3.6 · · · , 6.0 fm (5
points with 1.2 fm interval) to save computational costs.
For Euler angles Ωj of the
12C-cluster rotation R˜(Ωj)
we use seventeen points (j = 1, . . . , 17), as described in
Ref. [16].
In the K-mixing, we truncate |K| ≥ 5 components to
save computational resources.
As described previously, we combine the AMD+VAP
and 12C(AMD) + α GCM to obtain final result. In the
AMD+VAP, each 16O wave function is essentially ex-
pressed by the Jpi state projected from a Slater deter-
minant, and therefore, it is useful to discuss an intrinsic
shape of the state. In other words, strong-coupling clus-
ter structures are obtained within the AMD+VAP. On
the other hand, the 12C(AMD) + α GCM is essential to
describe weak-coupling 12C + α cluster states, for which
the angular momentum projection of the subsystem 12C
is necessary. In the present paper, we start from the
AMD+VAP result (hereafter we call it the VAP result)
and then analyze the VAP+αGCM result to discuss how
the VAP result is affected by mixing of 12C(AMD) + α
configurations. Note that the obtained VAP states show
predominantly 4α structures, which are approximately
included by the 12C(AMD) + α model space.
B. Energies, radius, and transitions
The calculated and experimental values for B.E., root-
mean-square(r.m.s.) radius, and 12C + α threshold are
listed in Table I. The ground state properties calculated
by the VAP and VAP+αGCM are similar to each other,
and they are in reasonable agreement with the experi-
mental data.
TABLE I: The calculated and experimental values of B.E.,
r.m.s. radius, and the 12C + α threshold energy. The ex-
perimental r.m.s radius is reduced from the charge radius in
Ref. [45]
VAP VAP+αGCM exp.
B.E. (MeV) 123.0 123.5 127.62
r.m.s. radius (fm) 2.69 2.73 2.55
12C+ α (MeV) 7.6 8.2 7.16
Energy levels are shown in Fig. 1. In the figure, the
energy levels in the ground and 12C + α bands are con-
nected by dashed and solid lines, respectively. In a usual
assignment, the experimental 0+2 , 2
+
1 , 4
+
1 , 1
−
2 , 3
−
2 , and 5
−
1
states are considered to belong to the Kpi = 0± 12C+ α
cluster bands from α-decay and α-transfer properties of
these states. For the ground band, we tentatively assign
the experimental 0+1 , 3
−
1 , and 4
+
2 states as band mem-
bers following the assignment of Ref. [19]. In the VAP
and VAP+αGCM results, we can categorize calculated
energy levels into the ground and 12C + α bands based
on E2 transition properties as well as analysis of intrin-
sic structures. In the VAP calculation, the 4+, 1−, and
3− states of the 12C + α band are not obtained as local
minimum solutions, but they are constructed by the Jpi
projection from the 12C + α cluster structure obtained
for 0+2 , 2
+
1 , and 5
−
1 .
Excitation energies of the 12C + α states are much
overestimated by the VAP calculation compared with
the experimental data. The Kpi = 0+ band-head en-
ergy of the VAP is Ex(0
+
2 ) = 13.1 MeV, which is about
5twice higher than the experimental value (7.16 MeV).
The VAP+αGCM calculation gives a better result for
the 12C+α band energies owing to rotation and internal
excitation of the 12C cluster. The VAP+αGCM gives
Ex(0
+
2 ) = 9.7 MeV of the band-head energy. The en-
ergy is still higher than the experimental value, but the
overestimation is significantly improved by the present
VAP+αGCM calculation compared with the theoretical
value Ex(0
+
2 ) ∼ 16 MeV of microscopic cluster model
calculations with the Volkov interaction. As a result of
the significant energy reduction of the 12C+α states, the
ordering of the ground and 12C+ α bands is reversed at
Jpi = 4+ from the VAP to the VAP+αGCM. The 4+1
state is the ground band member in the VAP, whereas it
belongs to theKpi = 0+ 12C+α band in the VAP+αGCM
consistently to the usual assignment of the experimental
levels and also that of Ref. [19]. Strictly speaking, state
mixing occurs between the 4+1 and 4
+
2 states as discussed
later.
In Table II, the calculated E2, E3, E4, and isoscalar
dipole (IS1) transition strengths are shown compared
with experimental data. We also show the theoreti-
cal values of Ref. [5] calculated by a semi-microscopic
12C + α cluster model with the orthogonal condition
model (OCM) [46]. In the VAP result, the E2 transi-
tion for 4+1 → 2+1 is weak because these states belong
to different bands, which contradicts to the experimen-
tal strong E2 transition. On the other hand, the B(E2)
value calculated by the VAP+αGCM is as large as the
experimental data. Relatively large B(E2) values for the
in-band transitions in the 12C + α bands are consistent
with experimental data.
The E3 transition strength for 3−1 → 0+1 is consider-
ably large in both calculations because of the dominant
tetrahedral 4α component in the 0+1 and 3
−
1 states. The
calculated B(E3) is in good agreement with the experi-
mental data. It should be pointed out that the ground
state 4α correlation gives important contribution to the
enhancement of B(E3; 3−1 → 0+1 ). Indeed, if we assume
the p-shell closed configuration of the final 0+ state, the
strength from the 3−1 state of the VAP+αGCM becomes
as small as B(E3) = 26 e2fm, indicating that higher shell
components contribute to the dominant part of the E3
strength. The 12C + α OCM calculation fails to repro-
duce the large B(E3) value because spatially developed
3α configurations in the 12C cluster are ignored in the
calculation.
The calculated values of B(E4) for 4+1 → 0+1 are con-
sistent with the experimental value in both of the VAP
and VAP+αGCM calculations. Naively, it seems to con-
tradict to the different assignments of the 4+1 state in
two calculations. In the VAP result, the 4+1 state be-
longs to the ground band with a dominant tetrahedral
4α component. The tetrahedral intrinsic state gives
B(E4) = 260 e2fm8 in the VAP. On the other hand,
in the VAP+αGCM, the 4+1 is dominated by the
12C+α
component different from the dominant tetrahedral 4α
component of the 0+1 . However, in the VAP+αGCM
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FIG. 1: Energy levels of 16O calculated by (a) the VAP, (b)
VAP+αGCM, and (c) those of the experimental data. The
positive- and negative-parity levels are shown by circles and
triangles, respectively. The ground and 12C + α bands are
connected by dashed and solid lines, respectively.
result, mixing of the tetrahedral 4α and 12C + α com-
ponents occurs in the 4+1 and 4
+
2 states and enhances
the B(E4; 4+1 → 0+1 ) value. Moreover, slight mixing of
the 12C + α component in the 0+1 also increases the E4
strength in the VAP+αGCM. Consequently, the calcu-
lated B(E4; 4+1 → 0+1 ) is B(E4; 4+1 → 0+1 ) = 360 e2fm8
in the VAP+αGCM. Note that the ground state 4α corre-
lation gives significant contribution to the E4 transition.
If we assume the p-shell closed 0+ state, the B(E4) values
for the 4+1 state of the VAP is reduced to be B(E4) = 17
e2fm8 and that of the VAP+αGCM is B(E4) = 4 e2fm8.
It indicates again that higher shell components enhance
the E4 strength. In the experimental measurement of E4
6transitions by (e, e′) scattering [20], it has been reported
that the E4 transition strength for 0+1 → 4+2 is the same
order as that for 0+1 → 4+1 . It may support the strong
state mixing between two 4+ states.
For the IS1 strength, it has been experimentally
known that the low-energy IS1 strength exhausts signif-
icant fraction of the energy weighted sum rule (EWSR)
[47]. The present calculation gives the significant IS1
strength for 0+1 → 1−1 with 4− 5 % of the EWSR, which
is consistent with the experimental data.
TABLE II: E2, E3, E4, and IS1 transition strengths in
16O. The calculated and experimental values, and theoretical
values of Ref. [5] are listed. For the IS1 transition strengths,
values in parentheses are ratio to the energy weighted sum
rule [47]. Experimental data are taken from Refs. [47, 48].
J
pi
i → J
pi
f VAP VAP+αGCM exp. Ref. [5]
B(E2) (e2fm4)
2+1 → 0
+
1 4.5 3.1 7.4±0.2 2.48
2+1 → 0
+
1 51 141 65±7 60.1
2+2 → 0
+
1 0.1 2.5 0.07±0.007 0.489
2+2 → 0
+
2 8.4 44 2.9±0.7 4.64
4+1 → 2
+
1 5.7 180 156±14 96.2
4+2 → 2
+
1 58 68 − −
1−1 → 3
−
1 27 35 50 ± 12 27.6
2−1 → 1
−
1 8.5 10.6 25 ± 4 17.5
2−1 → 3
−
1 11.4 14.9 20 ± 2 9.74
1−2 → 3
−
1 1.5 0.9 − −
B(E3) (e2fm6)
3−1 → 0
+
1 191 218 205 ± 11 29.6
3−1 → 0
+
2 19.2 0.3 − −
B(E4) (e2fm8)
4+1 → 0
+
1 260 360 380 ± 130
4+1 → 0
+
2 430 4.0 × 10
4
− −
4+2 → 0
+
1 110 78 − −
4+2 → 0
+
2 4.8× 10
3 1.50 × 104 − −
B(IS1) (fm6) (EWSR ratio)
0+1 → 1
−
1 125 (4.0%) 165 (4.6%) (4.2%) −
0+1 → 1
−
2 7.9 4.8 − −
C. Intrinsic structures
Since a single AMD wave function is given by a Slater
determinant, the AMD wave function ΦAMD(Z
opt
Jpi
n
) op-
timized for Jpin in the VAP is regarded as the intrinsic
state of the corresponding state. Density distribution
of the intrinsic states obtained by the VAP is shown in
Figs. 2 and 3.
The intrinsic density shows that four α clusters are pre-
dominantly formed in the ground and excited states of
16O. The 0+1 , 4
+
1 , 1
−
1 , 2
−
1 , and 3
−
1 states show tetrahedral
4α structures. The shapes are not an ideal tetrahedral
configuration with the Td symmetry but somewhat dis-
torted tetrahedral ones. On the other hand, the 0+2 , 2
+
1 ,
4+2 , and 5
−
1 states show
12C + α cluster structures, in
which an α cluster is located far from the 12C cluster
with 3α structures. In particular, in the 4+2 state, the 3α
structure of the 12C cluster is clearly seen and the last
α cluster is aligned almost on the 3α plane. It is a simi-
lar structure to the planer 4α configuration suggested in
Ref. [8] for the excited Kpi = 0+ band.
In the VAP+αGCM, the 16O wave functions are ex-
pressed by superposition of the VAP and 12C(AMD)+α
wave functions. In general, a strong-coupling cluster hav-
ing a specific intrinsic shape such as the tetrahedral or
planar 4α structures may have a large overlap with the
dominant configuration, whereas a weak-coupling cluster
state such as the 12C(0+1 ) + α structure should contain
components of various configurations. For the 0+1 , 1
−
1 ,
2−1 , and 3
−
1 states, the VAP+αGCM wave functions con-
tain significant components of the corresponding VAP
states with more than 80% overlap, meaning that these
states are understood as strong-coupling cluster states
with the specific intrinsic shapes. For each state, the
dominant VAP wave function can be approximately re-
garded as the intrinsic state. On the other hand, the
12C + α band members of the VAP+αGCM contain the
VAP component with less than 55% and somewhat show
weak-coupling cluster features. As discussed later, the
states in the Kpi = 0± 12C+ α bands contain significant
12C(0+1 ) + α component with a rather large inter-cluster
distance indicating that they are understood as weak-
coupling 12C(0+1 )+α states. For 4
+ states, the 4+1 of the
VAP+αGCM has minor (30%) VAP 4+1 component and
major (50%) VAP 4+2 component, whereas the 4
+
2 of the
VAP+αGCM has dominant (55%) VAP 4+1 and minor
(30%) VAP 4+2 components. It indicates that the level
inversion occurs between the VAP and VAP+αGCM cal-
culations: the 4+1 and 4
−
2 states in the VAP+αGCM are
approximately assigned to the 12C + α and tetrahedral
4α bands, respectively. However, they still contain mi-
nor VAP components by 30% indicating significant state
mixing between two 4+ states.
As discussed in 1937 by Wheeler [1], the ideal tetra-
hedral 4α configuration with the Td symmetry and its
vibration construct specific band structures. We here
discuss how much components of the Td modes are con-
tained in the 0+, 3−, 4+, and 1− states obtained in the
present calculation. We introduce the Brink-Bloch(BB)
4α-cluster wave function [49] with the Td symmetry and
that for the vibration mode and calculate overlap with
the VAP and VAP+αGCM wave functions. The BB 4α-
cluster wave function is written as
Φ4α(S1,S2,S3,S4)
= A{Φα(S1)Φα(S2)Φα(S3)Φα(S4)} . (13)
For the BB 4α-cluster wave function Φ4αTd (d) with the Td
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FIG. 2: (Color on-line) Density distributions in the intrinsic
states obtained by the VAP for the 0+1 , 4
+
1 , 3
−
1 , 1
−
1 , and 2
−
1
states. The densities integrated along the Y , X, and Z axes
are plotted on the (left) X-Z, (middle) Y -Z, and (right) X-Y
planes, respectively.
symmetry, we choose the 4α configuration Si
S1 =
d√
3
(1, 1,−1), (14)
S2 =
d√
3
(1,−1, 1), (15)
S3 =
d√
3
(−1,−1,−1), (16)
S4 =
d√
3
(−1, 1, 1). (17)
Here d is the size parameter of the Td-invariant tetrahe-
dral configuration of 4α. For the wave function Φ4αTd(F )(d)
corresponding to the mode “F”, which is a vibration
mode for the 1− state on the Td-invariant tetrahedral
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FIG. 3: (Color on-line) Same as Fig. 2 but for the 0+2 , 2
+
1 , 4
+
2 ,
5−1 states.
configuration, we set
S1 =
d√
3
(1, 1 + ǫ,−(1 + ǫ)), (18)
S2 =
d√
3
(1,−1 + ǫ), 1 + ǫ), (19)
S3 =
d√
3
(−1,−(1− ǫ),−(1− ǫ)), (20)
S4 =
d√
3
(−1, (1− ǫ), (1− ǫ)), (21)
where ǫ is taken to be an enough small value.
The VAP wave functions for the 0+1 , 3
−
1 , and 4
+
1 states
have maximum overlaps with the Jpi-projected Td wave
function and that for the 1−1 state has maximum overlap
with the Jpi-projected Td(F ) wave function at a finite size
d = 1.5−1.7 fm. Table III shows calculated values of the
Td and Td(F ) components in the VAP and VAP+αGCM
wave functions at d = 1.6 fm. It also shows the com-
ponents in the single-base VAP wave function ΦJpi(ZoptJpi1
)
without configuration mixing of the VAP wave functions.
The 0+1 and 3
−
1 states contain significant Td component as
90% and 60−70%, respectively, leading to an interpreta-
tion that they are approximately regarded as the Td band
members. However, there is no 4+ state having dominant
Td component. Since the single-base VAP wave function
for the 4+1 state has a distorted tetrahedral intrinsic struc-
ture, two 4+ states obtained from K = 0 and K = 2
components by the Jpi projection share the Td compo-
nent. These two 4+ states correspond to the 4+1 and 4
+
3
states in the VAP result. In the VAP+αGCM result, the
Td component is fragmented further because of mixing
8with 12C + α components. As a result of the distortion
from the Td symmetry of the intrinsic 4α structure and
the mixing with 12C + α components the Td component
of the 4+2 state is reduced to 16% in the VAP+αGCM
result. For the vibration Td(F ) mode, the obtained 1
−
1
state contains significant Td(F ) component as 50− 60%
meaning that the 1−1 state can be roughly categorized
into the Td(F ) band.
Elliott assigned the 0+1 , 3
−
1 , and 4
+
2 states as the Td
band [19], whereas Bijker and Iachello assigned the 0+1 ,
3−1 , and 4
+
1 states as the Td band and the 1
−
1 state as the
vibration Td(F ) band [24, 25]. For the 0
+
1 , 3
−
1 , and 1
−
1
states, our result is approximately consistent with their
assignment. However for the 4+ state, it is indicated that
the Td symmetry is not stable at J
pi = 4+ and its iden-
tity does not remain in 4+ states of 16O. As discussed
previously, we assigned the 0+1 , 3
−
1 , and 4
+
2 states as the
ground band members in the VAP+αGCM because they
contain more than 55% components of the correspond-
ing VAP wave functions, which clearly show the similar
tetrahedral 4α structure. Our assignment of the 4+2 to the
ground band is consistent with that by Elliott, but the
ground band is constructed from tetrahedral 4α struc-
ture somewhat distorted from the ideal Td symmetry in
the present result. It should be also noted again that sig-
nificant state mixing occurs between 4+1 and 4
+
2 states.
TABLE III: Tetrahedral 4α component in the 16O wave func-
tions obtained by the VAP and VAP+αGCM calculations.
Calculated overlaps with the Td and Td(F ) wave functions
with the size d = 1.6 fm are shown.
1-base VAP VAP VAP+αGCM
Ex Td Ex Td Ex Td
0+1 0.0 0.92 0.0 0.91 0.0 0.89
0+2 13.1 0.01 9.7 0.01
3−1 9.4 0.69 8.3 0.65 7.6 0.61
3−2 18.3 0.05 13.4 0.02
4+1 17.1 0.36 16.1 0.29 13.7 0.09
4+2 21.9 0.20 18.2 0.02 14.5 0.16
4+3 21.0 0.28 16.6 0.05
4+4 17.7 0.02
4+5 18.0 0.16
Ex Td(F ) Ex Td(F ) Ex Td(F )
1−1 11.0 0.65 10.3 0.60 9.4 0.52
1−2 17.0 0.04 12.1 0.06
D. 12C+ α cluster feature
Figures 4 and 5 show 12C(0+1 ) + α component in the
positive- and negative-parity states, respectively. The
component is calculated by overlap with a 12C(0+1 ) + α
cluster wave function at a certain distance (d) in the same
way as Ref. [50]. The 12C(0+1 ) cluster configuration is
determined in an asymptotic region (d = 8.4 fm is chosen
in the present case) by diagonalization within a fixed-d
model space of
ΦJpiK12C+α(d = 8.4 fm,Ωj ,Z
opt
βC
). (22)
We truncate intrinsic configurations of 12C as βC = 0
+
1
and 0+2 for simplicity. In Figs. 4 and 5, the calcu-
lated result for positive- and negative-parity states of the
VAP+αGCM is shown as functions of d. The 0+2 , 2
+
1 ,
and 4+1 states have large
12C(0+1 ) + α component with
maximum amplitude around d = 5 fm, indicating that
these states have the spatially developed 12C(0+1 ) + α
cluster structure. The 1−2 , 3
−
2 , and 5
−
1 states also have
large 12C(0+1 ) + α component with maximum amplitude
around d = 6 − 7 fm and show further development of
the 12C(0+1 )+α cluster structure. It indicates that these
states belong to the Kpi = 0± bands constructed from
the 12C(0+1 ) + α structure, consistently with the strong
in-band E2 transitions.
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FIG. 4: 12C(0+1 )+α component in the positive-parity states
obtained by the VAP+αGCM.
In Table IV, calculated α-decay widths are compared
with experimental data. We also show the theoretical val-
ues of a semi-microscopic 12C+α calculation in Ref. [5].
The reduced widths are evaluated from the 12C(0+1 ) + α
component at a channel radius a [51]. The squared di-
mensionless α-decay width θ2α evaluated from the exper-
imental α-decay widths are remarkably large for the 0+2 ,
2+1 , 4
+
1 , 1
−
2 , 3
−
2 , 5
−
1 states. The calculated θ
2
α values at
a = 6.0 fm reasonably agree with the experimental val-
ues and also are consistent with the theoretical values of
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FIG. 5: Same as Fig. 4 but for the negative-parity states.
Ref. [5].
Figures 6 and 7 show occupation probability of oscilla-
tor quanta N shells in a harmonic oscillator basis expan-
sion. Here we use the size parameter b = 1/
√
2ν of the
harmonic oscillator. For the 12C + α cluster states, the
occupation probability is distributed widely in a higher
shell region. In particular, the distribution is very broad
in the VAP+αGCM result because of the spatially devel-
oped 12C+ α cluster structure. The 0+1 , 1
−
1 , 3
−
1 , and 4
+
1
states of the VAP result are dominated by the N = 12,
13, 13, 14 shell component corresponding to the 0p0h,
1p1h, 1p1h, and 2p2h on the p shell, respectively. How-
ever, they also contain more than 50% higher shell com-
ponents, which come from cluster correlations in the fi-
nite size 4α configurations. The higher shell mixing in
these states becomes large in the VAP+αGCM result. It
should be stressed that the significant higher shell mixing
in the 0+1 state, i.e. the ground state cluster correlation
enhances B(E3; 0+1 → 3−1 ) and B(E3; 0+1 → 4−1 ) as men-
tioned previously.
V. SUMMARY AND OUTLOOKS
We have investigated structures of the ground and ex-
cited states of 16O with the AMD+VAP method com-
bined with the 12C(AMD) + α GCM. The present result
reasonably reproduces the experimental data of energy
spectra, E2, E3, E4, and IS1 transitions as well as α-
decay properties.
The formation of 4 α clusters has been confirmed from
TABLE IV: α-decay properties. Experimental α-decay ener-
gies (Eα(MeV)), the widths Γ(MeV), and the squared dimen-
sionless reduced widths θ2α. The experimental values of θ
2
α
are reduced by assuming the single channel 12C(0+) + α de-
cay. Theoretical values are calculated by the VAP+αGCM.
The values of the 12C + α OCM calculation in Ref. [5] are
also shown. The channel radii a = 4.8 fm and a = 6 fm are
chosen.
Eα Γ θ
2
α
exp. cal. Ref. [5]
a = 4.8 a = 6 a = 4.8 a = 6 a = 6
0+2 −1.11 0.23 0.19
0+3 4.89 1.5 0.00036 0.00039 0.005 0.032 0.075
2+1 −0.24 0.23 0.18
2+2 2.68 0.62 0.0018 0.00090 0.001 0.037 0.0063
2+3 4.36 71 0.035 0.029 0.002 0.003 0.039
4+1 3.19 26 0.60 0.14 0.18 0.16 0.21
4+2 0.28 0.0018 0.00054 0.016 0.039 0.023
1−1 −0.05 0.052 0.023
1−2 2.42 420 0.76 0.48 0.12 0.20 0.33
3−1 −.03 0.026 0.005
3−2 4.4 800 0.79 0.47 0.13 0.21 0.29
5−1 7.50 670 0.69 0.31 0.12 0.18 0.16
nucleon degrees of freedom in the present calculation
without assuming existence of any clusters. They form
the (distorted) tetrahedral 4α structure in the low-lying
states, 0+1 , 3
−
1 , 4
+, 1−1 , and 2
−
1 , and the
12C + α clus-
ter structures in the excited states near and above the
12C + α threshold.
The 0+1 , 3
−
1 , and 4
+
2 states are assigned to the ground
band constructed from the tetrahedral 4α structure. The
tetrahedral 4α structure does not necessarily have the
ideal tetrahedral configuration with the Td symmetry,
but a somewhat distorted tetrahedral shape. Neverthe-
less, the 0+1 and 3
−
1 have significant (90% and 60%) com-
ponent of the Td-invariant 4α configuration projected
onto the Jpi eigen state, and therefore, they can be ap-
proximately interpreted as the Td band members. In 4
+
states, the Td component is shared mainly by two 4
+
states because of the distortion of the tetrahedral shape
from the Td symmetry, and fragmented further by mix-
ing of 12C + α states. It indicates that the tetrahedral
4α structure may be rather fragile at Jpi = 4+, and the
ideal Td member with 4
+ does not appear in 16O. The
1−1 state can be roughly categorized into the vibration
mode, Td(F ) band.
Our assignment of the 4+2 to the ground band is con-
sistent with that of Ref. [19]. However, the 4+2 state is
not the ideal Td member but has the distorted tetrahe-
dral 4α shape as the dominant component. It should be
also noted that significant state mixing occurs between
4+1 and 4
+
2 states.
The 12C+α cluster structure constructs the Kpi = 0+
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FIG. 6: Occupation probability of N shells in the harmonic
oscillator expansion in the states obtained by the VAP.
band consisting of the 0+2 , 2
+
1 , 4
+
1 and the K
pi = 0−
band of 1−1 , 3
−
2 , 5
−
1 . These states contain the domi-
nant 12C(0+1 ) + α component and large α-decay widths,
which are consistent with experimental observations.
The present result for theKpi = 0± 12C(0+1 )+α bands are
consistent with those of the semi-microscopic and micro-
scopic cluster model calculations [4, 5, 9–11]. The present
assignment of the 4+1 state to the
12C + α band is sup-
ported by experimental data of the strong E2 transition
to the 2+1 and the large α-decay width.
The E3 and E4 transition strengths have been dis-
cussed. The calculated B(E3; 3− → 0+1 ) is in good agree-
ment with the experimental data. The E3 strength is en-
hanced because of the tetrahedral 4α structure in the 0+1
and 3−1 states. The ground state 4α correlation plays an
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FIG. 7: Occupation probability ofN shells in the harmonic os-
cillator expansion in the states obtained by the VAP+αGCM.
important role in the enhancement of the E3 strength.
For the E4 strength, the present calculation reproduces
well the experimental B(E4; 4+1 → 0+1 ). Historically, the
significant B(E4) measured by (e, e′) scattering has of-
ten drown attention to cluster structure of the 4+1 , which
could be the ground band member with the Td symme-
try. In the present result of the VAP+αGCM, the 4+1
belongs to not the ground band but the 12C + α band
starting from the 0+2 state. Although, inter-band transi-
tions are generally weak, however, the B(E4; 4+1 → 0+1 )
is increased by the significant state mixing of the 12C+α
and tetrahedral 4α structures between 4+1 and 4
+
2 states
and also by slight mixing of the 12C + α component in
the 0+1 . As a result, the calculated B(E4; 4
+
1 → 0+1 )
is as large as the experimental data in spite of the dif-
11
ferent structures in the initial and final states. In the
experimental measurement using (e, e′) scattering [20],
it has been reported that the E4 transition strength for
4+2 → 0+1 is the same order as that for 4+1 → 0+1 . It may
support significant state mixing between two 4+ states.
In the traditional microscopic cluster model calcula-
tions with the Volkov interaction (a density-independent
two-body interaction), it has been known that excitation
energies of the 12C+α cluster states are highly overesti-
mated. The excitation energies of 12C + α cluster states
are largely improved in the present calculation. One of
the main reasons is that we used the effective interaction
with the zero-range three-body term, with which the α-
decay threshold energy is reproduced. Internal excita-
tion and angular momentum projection of the subsystem
12C cluster also give significant contribution to the en-
ergy reduction of the 12C + α cluster states. However,
the theoretical excitation energies is still higher than the
experimental data. For better reproduction of the experi-
mental energy spectra, further improvement of the model
space with more sophisticated effective interactions in-
cluding the tensor force may be necessary. Moreover,
the present calculation is based on the bound state ap-
proximation. Coupling with continuum states should be
carefully taken into account to discuss detailed proper-
ties of resonances. In particular, since the state mixing
between the 4+1 and 4
+
2 is very sensitive to their relative
energy positions, further improvement and fine tuning
of the model calculation are needed to discuss detailed
properties of these states.
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